Program Analysis Recitation 4 September 18, 2026

Dataflow Analysis Complexity and Correctness

The termination of the worklist algorithm for dataflow analysis relies on two conditions: the dataflow lattice
having finite height and the flow functions being monotonic. A flow function f is monotonic iff o1 = 09
implies f(o1) E f(02) for all o1, 0.

The correctness of a dataflow analysis depends on the local soundness of its flow functions. For every
program configuration ¢; in the trace of a program P, a flow function f is locally sound iff (P  ¢; ~ ¢;11
and Oé(Ci) E on, and f[P[nz]]](Um) = Uni+1) = a(ci+1) E Onigq-

Exercises

These exercises prove properties of parity analysis. Assume the following:
e Alattice (L,&) where L = {T,0,V,l}and L= {O,V} =T, 0uV =T

® An abstraction function « : Z — L, defined as follows:

a(n) = V when n is an even integer (n € {2k : k € Z})
O when n is an odd integer (n € {2k + 1 : k € Z})

¢ a flow function fp
e injtial dataflow analysis assumptions oy, in this case oy maps all variables’ initial states to T.

1. Disprove the local soundness of the incorrect flow function fp[a := b](¢) = o[a — O].

Solution: To show that fp[a := b](c) is not locally sound, we need to find a counterexample where
the premises of local soundness

(1) P ¢~ ciga, (2) Oé(Ci) E on,, and (3) fﬂp[nl]]](am) = Onit

hold but the conclusion a(c¢;+1) & oy, , does not.

Suppose we have a program P such that
Pn;] =a:=8.

Suppose that ¢; = {E;,n;), ciy1 = {(Eit1,ni+1) such that P - ¢; v~ ¢;41. By inversion on the
small-step semantics of the assignment statement in WHILE3ADDR,

E; 41 =Eila—8] and n;y1 =n; + 1.
Indeed, such P, ¢;, and c; 1 satisfy the first premise
(1) Pk civocia
Suppose a o, satisfies the second premise

(2) O[(CZ') = Op,;-

Then, for the third premise,
(3) On;pq = fP[[a = bﬂ(gn;) = On, [a’ = O]

by applying the flow function.




Indeed,

a(cip1) = a(Eit1)

a(E;[a— 8])

a(E;)[a— V] (since 8 is even)
& o, [a — O]

Uni+1'




For the following question, consider the following flow function for parity analysis:

ola—V] ifod)=Vvo(c)=V
fela:=bxc](c) =< ola— 1] if—(c(d) =V valc)=V)a(oc(b)=Lvaolc)=1).
. other cases not specified

2. While the provided case is mathematically correct (an even number multipled by anything is still even),
it is not monotonic. Prove it.

Solution: To prove that the flow function is not monotonic, we need to find two abstract states o
and o5 such that oy £ o9 but fpla := b= c](o1) & fpla :=b*c](o2).

Letoy ={a—T,b—V,c— L}andos ={a— T,b— T,c— L}

We can verify that o1 = o9, but
fela:=bxc](o1) = o1la— V] & oz[a — L] = fpla:=b=c](o2),

which shows that the flow function is not monotonic. O

When designing dataflow analyses, improper handling of L can often lead to non-monotonic flow
functions.




For the next two questions, use the following (correct) flow function for parity analysis:

ola— 1] ifo(b)=Lvo(c)=1

ola— O] ifodb)=0 Ano(c)=0
[ V] if(o(b) =V Aa(c) # L) v (a(b) # Lao(c)=V)

l[a—T] if(a(b) = T Ao(e) ¢ {V, L}) v (a(b) ¢ {V, L} no(c) = T)

3. Prove the monotonicity of fp[a := b+ c](o) for the case (o(b) =V Ao(c) # L) v (o(b) # L Ano(c) =V)

Solution: Here we outline the overall proof which gets split into different cases. Then we go into
more details in one case.

Suppose

o1 E 09. (1)
We want to show that f(o1) = f(o2).

To do so, we can case on the different possible ways of computing f(o1). If, for each possible ways
of computing f(o1), we have f(o1) E f(02), then we have proven f(o1) E f(o2) in all cases.

Because fp[a := b * c](o) has four cases, there are four cases of computing f(o1). Here, we will go
through the third case when

(o1(b) =V Anoi(c) # L) v (o1(b) # L Aoy1(c) =V).

Observe that this is actually two sub-cases, namely
o1(b) =V Aoy(c) # L

and
O'l(b) #* 1A 0'1(0) =V

where the latter sub-case is symmetric to the former. We will focus on the first sub-case.
Case 01(b) = V and 01 (c) # L. By the definition of fp, we get

f((Tl) = U1[CL — V]

Now, what does 01(b) = V A 01(c) # L imply for o, given that 01 T 02? Since o1 (b) E o2(b) and
o1(c) E oa(c) because of (1), it follows that

o2(b) € {V, T} and os(c) # L

by looking at the lattice.

We now compute f(o2). Because 02(b) € {V, T} and o2(c) # L, applying the definition of fp, we
get

f(O'Q) € {O’Q[(l — V],O'Q[(l — T]}
Clearly, o1[a — V] = o2]a — V] and o1[a — V] E o2[a — T] because o1 = o4 (because of (1)),
V EV,and V = T, which shows that f(o;) = f(02) in this sub-case.

Case 01(b) # L and 01(c) = V. This case is symmetric to the previous one, and the proof follows
similarly.

Other cases of computing f(o1) proceed similarly. In short, given a case of computing f(o7), use

the assumption (1) to arrive at a set of possible values for f(o2) and show that f(o1) = f(o2) for
each possible value of f(o3).

Since the cases of computing f(o1) is exhaustive, we have shown that f(o1) E f(02) inall cases. O




4. Prove the local soundness of fpa :=b = c](o)

Solution: Suppose
(1) Prci~ciyr, (2) ofe)Son, and (3) fla:=bxc](on,) = on,,,
where ¢; = (E;,n;yand ¢;11 = (F;;+1,ni+1). We want to show that
a(Ciy1) & Onyyy-

The general strategy is to analyze the concrete execution states. We show one possible case and
leave the rest as exercise. In short, if all cases of the concrete execution satisfy local soundness for
fp, then fp is locally sound.

Case E;(b) is even. Then, E; 1 = E;[a — m] where m is an even number. This is by inversion on
assumption (1):

Pln;]=a:=bxc E;b)x E;i(c) =m

step-arith

and because F;(b) is even, m is also even.

Now, we analyze the abstract execution. Since E;(b) is even, a(c;)(b) = a(E;(b)) = V. Hence,
because a(c;) T oy, we have
on,; (b) e{V,T}.

Also because «(c¢;) E 0y, and because a(c;)(c) € {V, 0}, we have
on,(c) €{V,0, T}

as well.

Hence, we compute
Onipr = f[[a’ =bx Cﬂ((j’ﬂi) € {Uni [a’ = V]’Uﬂi [a = T]}

as possible values of o, ;.

We also compute
a(cit1) = a(Eip1) = a(Eila — m]) = a(E;)[a = V] = a(ci)[a — V].

Therefore, a(ci+1) E 0y,,, holds because a(c;) = o, and VE Vand V & T.

Case E;(b) is odd and Ej(c) is even. If we flip b and ¢, the argument of the previous case applies
symmetrically. The details are omitted here.

Case E;(b) is odd and E;(c) is odd. Then, E; 1 = E;[a — m] where m is an odd number. The proof
proceeds similarly.

O




