Program Analysis Recitation 4 September 19, 2025

Recitation 4: Dataflow Analysis Complexity and Correctness

The termination of the worklist algorithm for dataflow analysis relies on two conditions: the dataflow lat-
tice having finite height and the flow functions being monotonic. A flow function f is monotonic iff o = o9
implies f(o1) E f(02) for all o1, 0.

The correctness of a dataflow analysis depends on the local soundness of its flow functions. For every
program configuration ¢; in the trace of a program P, a flow function f is locally sound iff (P - ¢; ~ ¢;11
and CV(CZ') C op, and fﬂp[nl]]](am) = U”i+1) = OZ(Ci+1) E Onipy-

Exercises

These exercises prove properties of parity analysis. Assume the following:
e Alattice (L,&)where L = {T,0,V,Ll}and L= {O,V}=T,0uV =T

e An abstraction function « : Z — L, defined as follows:

(n) V when n is an even integer (n € {2k : k € Z})
aln) =
O when n is an odd integer (n € {2k + 1 : k € Z})
¢ a flow function fp
e injtial dataflow analysis assumptions oy, in this case oy maps all variables’ initial states to T.
1. Disprove the local soundness of the incorrect flow function fp[a := b](c) = o[a — O]

Proof: Case fp[a := 2](on,).

Assume ¢; = E;,n; and o(E;) E o,

Oniyy = frla:=2](on,) = on,[a — O] (by definition)
cit1 = Eila— 2],n; + 1 (ni+1 = n; + 1 by rule step-assign)
aciy1) = a(Eila— 2]) = a(E)[a — as(2)] = a(E;)[a — V] (by definition of o and «.)

Notice that a(E;) = o,, by assumption, but a(c;11) = «(E;)[a — V] & o,,[a — O] because = is

defined piecewise and V' & § O. Therefore a(c;) = oy, A fP[P[ni]](0n,) = O,y = alciv1) E opy,, O



For the next questions, use the following (correct) flow function for parity analysis:

ola 1] ifod) =Lvole) =1
ola— O] ifa(b) =0 ro(c)=0

Jrlas=bxcl(o) =Y 10 s V] i (0(b) = V A o(e) # 1) v (0(b) # L A o(c) = V)
ola—T] if(o(b) =T rno(c) g {V,L}) v (a(b) ¢{V, L} no(c) =T)

. Prove the monotonicity of fp[a := b= c](o) for the case (o(b) =V A o(c) # L) v (0(b) # L Ac(c) =V)

Proof of monotonicity of the above flow function

Assume o1 T 0y

01(b) Es 02(b) and o1 (c) E5 02(c) (Since C is defined point-wise)

Case (01(b) =V ~no1(c) # L) v (1(b) # L Ao1(c) = V)

Since o1 (b) E5 02(b) and o1 (c) =5 o2(c) :
(o2(b) € {V, T} A oa(e) # L) v (02(c) e {V, T} A 02(b) # 1)
ogla— V] if (02(b) =V Ao2(c) # L) v
o fplai=bxc](o2) = (o2(c) =V A oa(b) # 1)
osla— T] otherwise
Since £ is defined point-wise, V =, V, V =, T, and 01 & 02, we get
fela:=bxc](o1) = o1la— V] E fpla :=b=*c](o2)

O

. Prove the local soundness of fpa := b * c[(c) Now let’s try showing that the above function is lo-
cally sound. Remember, a flow function f is locally sound iff (P + ¢; ~ ¢;41 and a(c¢;) E o, and

fﬂp[ni]ﬂ(gnz) = Un¢+1) = a(ci+1) = On;iq
Proof of local soundness of the above flow function:

Assume fp ¢; = E;,n; and o(E;) E oy,

Then ¢;41 = E;[a — m],n; + 1 for some m such that E;(b) * E;(c) = m since n;41 = n; + 1 by rule

step-arith

Now a(cit1) = a(E;[a — m]) = a(E;)[a — as(m)] by the definitions of o and «



Case

Case

me {2k : keZ}

Then as(m) =V and E;(b) is even or E;(c) is even

Thus (as(E;(b) =V A as(Fi(c)) # L) v
(@a(Ei(c)) = V A au(E:(B)) # 1)

Since a(E;) € oy, We get
(as(Ei(b) =V Es 0, (b) A as(Eilc) # L Es o, (c)) v
(as(Ei(c)) =V Es on,(c) A as(Ei(D) # L Es 04, (D))

From this we get (o,,,(b) € {V, T} A 0y, (¢) # L) v (0p,(c) € {V, T} Aoy, (b) # L)

on;la— V] if (o, (0) =V Ao, (c)# L) v
Oy = frla=bxc](0,,) = (on,(c) =V Aon,(b) # L

on;la— T] otherwise

~—

Since C is defined point-wise, a(E;) S op,,, V Es V,and V £, T, we get
a(CiJrl) = a(El)[a‘ — V] E Onipa

me{2k+1:keZ}
[Similar to the previous case and left up to the reader to prove as an exercise]



