
Program Analysis Recitation 4 September 19, 2025

Recitation 4: Dataflow Analysis Complexity and Correctness

The termination of the worklist algorithm for dataflow analysis relies on two conditions: the dataflow lat-
tice having finite height and the flow functions being monotonic. A flow function f is monotonic iff σ1 Ď σ2
implies fpσ1q Ď fpσ2q for all σ1, σ2.

The correctness of a dataflow analysis depends on the local soundness of its flow functions. For every
program configuration ci in the trace of a program P , a flow function f is locally sound iff pP $ ci ; ci`1

and αpciq Ď σni and fvP rniswpσniq “ σni`1q ñ αpci`1q Ď σni`1 .

Exercises

These exercises prove properties of parity analysis. Assume the following:

• A lattice pL,Ďqwhere L “ tJ, O, V,Ku and K Ď tO, V u Ď J, O \ V “ J

• An abstraction function α : Z ÞÑ L, defined as follows:

αpnq “

#

V when n is an even integer (n P t2k : k P Zu)
O when n is an odd integer (n P t2k ` 1 : k P Zu)

• a flow function fP

• initial dataflow analysis assumptions σ0, in this case σ0 maps all variables’ initial states to J.

1. Disprove the local soundness of the incorrect flow function fP va :“ bwpσq “ σra ÞÑ Os

Proof: Case fP va :“ 2wpσni
q.

Assume ci “ Ei, ni and αpEiq Ď σni

σni`1 “ fP va :“ 2wpσniq “ σnira ÞÑ Os (by definition)
ci`1 “ Eira ÞÑ 2s, ni ` 1 pni`1 “ ni ` 1 by rule step-assign)
αpci`1q “ αpEira ÞÑ 2sq “ αpEiqra ÞÑ αsp2qs “ αpEiqra ÞÑ V s (by definition of α and αs.)

Notice that αpEiq Ď σni
by assumption, but αpci`1q “ αpEiqra ÞÑ V s ­Ď σni

ra ÞÑ Os because Ď is
defined piecewise and V ­Ď s O. Therefore αpciq Ď σni ^ fP vP rniswpσniq “ σni`1 ­ñ αpci`1q Ď σni`1



For the next questions, use the following (correct) flow function for parity analysis:

fP va :“ b ˚ cwpσq “
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σra ÞÑ Ks if σpbq “ K _ σpcq “ K

σra ÞÑ Os if σpbq “ O ^ σpcq “ O

σra ÞÑ V s if pσpbq “ V ^ σpcq ‰ Kq _ pσpbq ‰ K ^ σpcq “ V q

σra ÞÑ Js if pσpbq “ J ^ σpcq R tV,Kuq _ pσpbq R tV,Ku ^ σpcq “ Jq

2. Prove the monotonicity of fP va :“ b ˚ cwpσq for the case pσpbq “ V ^ σpcq ‰ Kq _ pσpbq ‰ K^ σpcq “ V q

Proof of monotonicity of the above flow function

Assume σ1 Ď σ2

σ1pbq Ďs σ2pbq and σ1pcq Ďs σ2pcq (Since Ď is defined point-wise)

Case pσ1pbq “ V ^ σ1pcq ‰ Kq _ pσ1pbq ‰ K ^ σ1pcq “ V q

Since σ1pbq Ďs σ2pbq and σ1pcq Ďs σ2pcq :

pσ2pbq P tV,Ju ^ σ2pcq ‰ Kq _ pσ2pcq P tV,Ju ^ σ2pbq ‰ Kq

6 fP va :“ b ˚ cwpσ2q “
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σ2ra ÞÑ V s if pσ2pbq “ V ^ σ2pcq ‰ Kq _

pσ2pcq “ V ^ σ2pbq ‰ Kq

σ2ra ÞÑ Js otherwise

Since Ď is defined point-wise, V Ďs V , V Ďs J, and σ1 Ď σ2, we get
fP va :“ b ˚ cwpσ1q “ σ1ra ÞÑ V s Ď fP va :“ b ˚ cwpσ2q

3. Prove the local soundness of fP va :“ b ˚ cwpσq Now let’s try showing that the above function is lo-
cally sound. Remember, a flow function f is locally sound iff pP $ ci ; ci`1 and αpciq Ď σni and
fvP rniswpσni

q “ σni`1
q ñ αpci`1q Ď σni`1

Proof of local soundness of the above flow function:

Assume fP ci “ Ei, ni and αpEiq Ď σni

Then ci`1 “ Eira ÞÑ ms, ni ` 1 for some m such that Eipbq ˚ Eipcq “ m since ni`1 “ ni ` 1 by rule
step-arith

Now αpci`1q “ αpEira ÞÑ msq “ αpEiqra ÞÑ αspmqs by the definitions of α and αs



Case m P t2k : k P Zu
Then αspmq “ V and Eipbq is even or Eipcq is even
Thus pαspEipbqq “ V ^ αspEipcqq ‰ Kq _

pαspEipcqq “ V ^ αspEipbqq ‰ Kq

Since αpEiq Ď σni , we get
pαspEipbqq “ V Ďs σnipbq ^ αspEipcqq ‰ K Ďs σnipcqq _
pαspEipcqq “ V Ďs σni

pcq ^ αspEipbqq ‰ K Ďs σni
pbqq

From this we get pσni
pbq P tV,Ju ^ σni

pcq ‰ Kq _ pσni
pcq P tV,Ju ^ σni

pbq ‰ Kq

6 σni`1
“ fP va :“ b ˚ cwpσni

q “
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σnira ÞÑ V s if pσnipbq “ V ^ σnipcq ‰ Kq _

pσnipcq “ V ^ σnipbq ‰ Kq

σni
ra ÞÑ Js otherwise

Since Ď is defined point-wise, αpEiq Ď σni
, V Ďs V , and V Ďs J, we get

αpci`1q “ αpEiqra ÞÑ V s Ď σni`1

Case m P t2k ` 1 : k P Zu
[Similar to the previous case and left up to the reader to prove as an exercise]


