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Worklist Algorithm [Kildall’73]



Ascending Chains & Lattice Height



Worklist Algorithm [Kildall’73]

𝑂(𝑐)

𝑂(𝑐)

O 𝑒 ∗ ℎ  in total (across the while loop)

𝑂(𝑛 ∗ ℎ)

𝑂(𝑛 ∗ ℎ)
𝑂 𝑐 ∗  𝑛 ∗ ℎ + 𝑂 𝑐 ∗ 𝑒 ∗ ℎ
= 𝑂(𝑐 ∗ 𝑒 + 𝑛 ∗ ℎ)



Worklist Algorithm [Kildall’73]



Worklist Algorithm [Kam & Ullman’76]

More obviously computes the fixed point



Recall: Fixed point of Flow Functions 
(𝜎0, 𝜎1, 𝜎2, … , 𝜎𝑛) ՜

𝑓𝑧
(𝜎′0, 𝜎′1, 𝜎′2, … , 𝜎′𝑛)

𝜎′1 = 𝑓𝑧 𝑥 ≔ 10 (𝜎0)

𝜎′2 = 𝑓𝑧 𝑦 ≔ 0 (𝜎1) 

𝜎′9 = 𝑓𝑧 𝑥 ≔ 𝑦 (𝜎8) 

𝜎′0 = 𝜎0

𝜎′3 = 𝜎2 ⊔ 𝜎7 

𝜎′8 = 𝑓𝑧 if 𝑥 = 10 goto 7 𝑇(𝜎3) 

𝜎′4 = 𝑓𝑧 if 𝑥 = 10 goto 7 𝐹(𝜎3) 

…

(𝜎0, 𝜎1, 𝜎2, … , 𝜎𝑛) = 𝑓𝑧(𝜎0, 𝜎1, 𝜎2, … , 𝜎𝑛)

Fixed point!

Correctness theorem:
If data-flow analysis is well designed*, then
any fixed point of the analysis is sound.

* Lattice has finite height and flow functions are monotonic.



Monotonicity of Flow Functions

For Zero-Analysis:

Exercise!



Worklist Algorithm [Kam & Ullman’76]

Can prove termination using induction!
(assuming monotonic flow functions)



Successive applications for the whole-
program flow function results in an 
ascending chain i.e., Σ ⊑ F(Σ)

(⊥, ⊥, … , ⊥) ՜
𝐹

(𝜎′1, 𝜎′2, … , 𝜎′𝑛)

(𝜎1, 𝜎2, … , 𝜎𝑛) ՜
𝐹

(𝜎′1, 𝜎′2, … , 𝜎′𝑛)

Base case: 

Inductive case: 

Since the height of the composite lattice of tuples (𝜎0, 𝜎1, 𝜎2, … , 𝜎𝑛) is finite,
the algorithm terminates! Max number of steps is the height of the composite
lattice, which is 𝑛 x height of the 𝜎 lattice, as before. 



Fixed Point



Worklist Algorithm Terminates at Fixed Point
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