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Review: Zero Analysis with Branching

P1
1: ifx =0goto4 1:if x = 0 goto 4 ! X y 2
2: y:=0 F P2
? ? ?
3: gotob6 2:y:=0 P1 ' :
4: y:=1 \ P3 P2 | Zp,Np 7 7?
5: z:=1 3: goto 6 P3 N Z 7
6: 2:=y P4 P4 N Z ?
P5
4y =1 P5 Z ? 7
s P6| Z N ?
5: x = 1 P7| N T 2
3 P/
PR P8 N T T
P8
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Partial Order & Join on set L

[ EL, : [isatleastaspreciseasl,

reflexive: VI : [ = [
transitive: Vii,l0,l3 : [ Elg Al El3 =11 E I3
anti—sy_mmetric: Vig,lo L E b ALl =1 =1

[, U l,: join or least-upper-bound... “most precise generalization”

L is a join-semilattice iff: [, U [, always exists and is unique Vi, 1, € L
T (“top”) is the maximal element
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Lattice for Zero Analysis

What would this look like?
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Data-Flow Analysis

a lattice (L, C)

an abstraction function o

a flow function f

initial dataflow analysis assumptions, oy
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Example of Zero Analysis: Looping
Code o

1: x =10
1: z:=10 . "0 i
Ly =
2: y:=0 o))
J: ifz=0goto7 r P3
] ] 3:ifx =0goto7 F
4: y:=1 T oa
20: x:i=x—1 Ay =1
6: gotod P5
7 Ti=y Sixi=x—1
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Example of Zero Analysis: Looping

Code

1: z:=10

2: y:=0

J: ifx=0goto7
4: y:=1

o: xi=x—1

6: gotod

7T: =1y

PO
1:x =10
P1
2:y:=0
P2
v P3
3:ifx =0goto 7 [
F P4
4:y:=1
| P5
S:x=x—1
! P6
6: goto 3
P7
P8
7:x:=1Yy «

PO
P1
P2
P3
P4
P5
P6
P7
P8
P9

ZNAH4 222227 |x

first time through...

Z Z Z N NN - <

N first time through...
N first time through...
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Example of Zero Analysis: Looping

Code

1: z:=10

2: y:=0

J: ifx=0goto7
4: y:=1

o: xi=x—1

6: gotod

7T: =1y
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1:x =10
P1
2:y:=0
P2
v P3
3:ifx =0goto 7 [
F P4
4:y:=1
| P5
S:x=x—1
! P6
6: goto 3
P7

X Yy
PO| T T
P1| N T
P2 | N Z
P3| T T join
P4 | Nrp T wupdated
P5 | N N already at fixed point
P6 | T N already at fixed point
P7 | T N already at fixed point
P8 | Zr T wupdated
P9 | T T wupdated
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Fixed point of Flow Functions

— fz / / / /
1:x =10 (09,01,0%, ...,0,) = (0,01,0 9, ...,0 )
P1
1: x:=10 - -—"0
2: y:=0 A P2 o'y = g
3: ifz=0¢oto7 vy P3 ro_ —
4 - yfczl 5 3:ifx =0goto 7 [T Gl_fz[[x '_ 10]](00)
5: zi=x—1 4:y:£'1 H d', = f,lly = 0](oy1)
6 . gOtO 3 P5 0-,3 = 0y L O~
7T: x:= 5:x = x — 1 , _
Y a vx 5 a4 = f,lif x = 10 goto 7] z(03)
6: goto 3 :
P7
PS o'g = f,lif x = 10 goto 7] ;(03)
rx=y — ) o'y = f,lx = yl(0g)
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Fixed point of Flow Functions

f:
(09, 01,02, .., Op) 3 (0'g,0'1,0'5,...,0)
o
0o = Og
Fixed point! OJl - fz[[x = 10] (9)
, — © —
(09,01, 0%, ...,0n) = f,(0y, 01,0, ...,0,) o'y = fly = 0l(o1)
0-,3 — 0-2 L 0-7
Correctness theorem: a4 = f,lif x =10 goto 7] z(a3)

If data-flow analysis is well designed™®, then

any fixed point of the analysis is sound. o's = f,[lifx = 10 goto 7] 1 (03)

0’y = flx = yl(os)

* we will define these properties and prove this theorem
in two weeks!
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More on joins and lattices
fz ,

(09,071,072, ..., 0y) =(0'0,01,0'5,...,03)

Hold up! How do you o'y = a,
o'y = fzllx == 10](0y)
o'y = f;ly = 0](07)
g3 =0,Uo0;

a4 = f,lif x = 10 goto 7] z(03)

o'g = f,lif x = 10 goto 7] ;(03)
0'9 = frllx = yl(oe)
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More on joins and lattices

X ¥
—— PO| T T
:y =20
P2 P1| N T
3:if x ="0 go'2)37 T P2 N 27 . '
7 P4 3| N Z (firsttime thro@
4ry =1 P4
PP P5 0’3 = 0, U oy
S:x=x—1 P6
¥ P6 e ey
6: goto 3 P7 | What should be the initial value for g, ??2??
P7 P8
P8 P9
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More on joins and lattices

Enter: L (“bottom”) What would the complete lattice
for Zero Analysis look like?
forall [l € L:
-y [ET

1ul=1 lUT=T

A lattice with both 1 and T defined is called a Complete Lattice
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More on joins and lattices
o:Var - LwhereL ={Z,N,L1,T}and Var = {x, y}

oiUoy,={x—o(x)Uoy(x), ywoy)Uo,(y)}

Exercise: Define lifted E in terms of ordering on L

o4 E o, =277
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More on joins and lattices

Lifting a complete lattice gives another complete lattice

Xl yo T XoN,y=Tp x> T,y=Z}  {x=T, y=N}

N TSN TSN T
SR S S

X~ T,y~1} {x-Z y=2Z} {x-Z, y»>N}

‘ N

{x~Z, y~1} x~>N, y»1}  {x~L,y»Z} {X—~1, y>N}
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Runping a Data Flow Analysis

1:x:=10 X y
P1
o PO T T
P2 P1| 1L 1
v P3
3:ifx =0goto 7 [F P2 1 L
| P4 P3 1 1
4:y:=1 P4 1 1
y P P5| L 1
Srx=x-—1 Pé6 L L
s P6
6: goto 3 P7 1 -
P7 P8 | 1L 1
2 P9 | L L
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Runping a Data Flow Analysis

1: x =10
P1 X Y
3 — PO| T T
:y =20
P2 P1| N T
3:if x ="0 go'2)37 T P2 N 27 . '
7 P4 3| N Z (firsttime thro@
4. y = 1 P4 J_ _L
) s P5| L L '3 =0, U oy
Srx=x—1 P6 1 L
1 P6
6: goto 3 P7 1 L
P7 P8 | 1L L
=1 P9 | 1 L

D Software and Societal Carnegie
Systems Department Mellon
University



Runping a Data Flow Analysis

1: x = 10
P1 X Y
v PO, T T
:y =20
P2 Pl | N T
3:ifx ="0 go'z)37 T P2 N 27 . '
] P4 3| N Z firsttime thro@
4:y =1 P4 [ NF—Z— ,
' P5 P5 N N 03 =0, Uoy
DX = X~ 1)6 P6 | T N
p— P7| T N
: goto 3 . .
P7 P8 | Z; N first time through...
7ix =y =1 P9 | N N (first time through...
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Runping a Data Flow Analysis

1:x = 10
P1 X Y
Y PO| T T
:y =20
) P1| N T
P3
’ P2 | N 7
3:ifx = 0 goto 7 [F
T m 3| T T join >
4:y =1 P4 | N —Z— ,
' P5 PS5 | N N 03 = 0, Uoy
DX =X 1)6 P6| T N
6 zoto P7| T N
: goto 3 . .
P7 P8 | Z; N first time through...
—" & P9 | N N first time through...
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Runping a Data Flow Analysis

1:x =10
! P1
2:y:=0
P2
v P3
3:ifx =0goto 7 [T
P4
4:y:=1
| P5
Srx=x—1
v P6
6: goto 3
P7
P8
7:x=1Yy <

X ¥y
PO| T T
P1| N T
P2 N Z
P3| T T join
P4 | Np T wupdated
P5 | N N already at fixed point
P6 | T N already at fixed point
P7 | T N already at fixed point
P8 | Zr T wupdated
P9 | T T wupdated
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What's the Algorithm?
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Analysis Execution Strategy

for Node n in cfg
input [n] = L
input[0] = initialDataflowInformation

while not at fixed point
pick a node n in program
output = flow(n, 1i1nput[n])
for Node 7J 1n sucessors (n)
input[j] = input[j] uw output
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Kildall's Algorithm

worklist = (J
for Node n in cfg
input [n] = output[n] = 1
add n to worklist
input [0] = initialDataflowInformation

while worklist is not empty
take a Node n off the worklist
output [n] = flow(n, input[n])
for Node Jj in succs (n)
newInput = input[]j] uw output[n]
1f newInput # input|[j]
input [J] = newInput
add j to worklist
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What order to process worklist nodes in?

« Random? Queue? Stack?
* Any order is valid ()

e Some orders are better in practice
« Topological sorts are nice
« Explore loops inside out
« Reverse postorder!
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Exercise: Apply Kildall's Worklist Algorithm
for Zero Analysis
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Performance of Kildall's Algorithm

« Why is it guaranteed to terminate?
« What is its complexity?
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