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Review: WHILE abstract syntax
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Review: Proofs by Structural Induction

• To prove ∀𝑎 ∈ 𝐴𝑒𝑥𝑝: 𝑃(𝑎) by induction on structure of syntax
o Base cases: show that 𝑃(𝑥) and 𝑃(𝑛) holds
o Inductive cases: show that 

§ 𝑃 𝑎! ∧ 𝑃(𝑎") ⇒ 𝑃(𝑎! + 𝑎")
§ 𝑃 𝑎! ∧ 𝑃(𝑎") ⇒ 𝑃(𝑎! ∗ 𝑎")

§ 𝑃 𝑎! ∧ 𝑃(𝑎") ⇒ 𝑃(𝑎!/𝑎")
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Review: Proofs by Structural Induction

4(c) J. Aldrich, C. Le Goues, R. Padhye



Review: Proofs by Structural Induction
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• Prove that small-step and big-step semantics of expressions produce 
equivalent results.

• Can be proved via structural induction over syntax. (Exercise)



Proofs by Structural Induction
• Prove that WHILE is deterministic. That is, if the program 

terminates, it evaluates to a unique value.
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Rule for while is recursive; 
doesn’t depend only on 

subexpressions

• Can prove for expressions via induction over syntax, but not for 
statements. 

• But there’s still a way.



Structural Induction over Derivations
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To prove:
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Review: WHILE abstract syntax

8(c) J. Aldrich, C. Le Goues, R. Padhye



WHILE syntax

9(c) J. Aldrich, C. Le Goues, R. Padhye

• Abstract representation that corresponds well to concrete syntax
• Useful for recursive or inductive reasoning
• Sometimes challenging to track how data and control flows in 

program execution order
• 3-address-code is commonly used by compilers to represent 

imperative language code. 
o AST -> 3-address transformation is straightforward. 



WHILE3ADDR
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• w = x * y + z 

• if b then S1 else S2 

• 1: t = x * y
2: w = t + z

• 1: if b then goto 4
2: S2
3: goto 5
4: S1
5: …



WHILE3ADDR:
An Intermediate Representation
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• Simpler, more uniform than WHILE syntax
• Categories:

o I      ∈ Instruction instructions
o x, y ∈ Var variables
o n    ∈ Num number literals

• Syntax:
o I ::= x := n | x := y | x := y op z

|   goto n | if x opr 0 goto n
o opa ::= + | - | * | / | …
o opr ::= < | ≤ | = | > | ≥ | ...
o P ∈ Numà I



Exercise: Translate while b do S to WHILE3ADDR
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• Categories:
o I      ∈ Instruction instructions
o x, y ∈ Var variables
o n    ∈ Num number literals

• Syntax:
o I ::= x := n | x := y | x := y op z

|   goto n | if x opr 0 goto n
o opa ::= + | - | * | / | …
o opr ::= < | ≤ | = | > | ≥ | ...
o P ∈ Numà I



While3Addr Extensions (more later)
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I  ::=    x := n | x := y | x := y op z |  goto n | if x opr 0 goto n

|  x := f(y)

|  return x

|  x := y.m(z)

|  read x

|  print x

|  x := &p

|  x := *p

|  *p := x

|  x := y.f

|  x.f := y



WHILE3ADDR Semantics

14(c) J. Aldrich, C. Le Goues, R. Padhye

• Configuration (state) includes environment + program counter:
𝑐 ∈ 𝐸× ℕ

• Evaluation occurs with respect to a global program that maps 
labels to instructions:  𝑃 ∈ ℕ → 𝐼
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